In the paper, two-parametric models of fractional statistics are proposed in order to determine the functional form of the distribution function of free anyons. From the expressions of the second and third virial coefficients, an approximate correspondence is shown to hold for three models, namely, the nonextensive Polychronakos statistics and both the incomplete and the nonextensive modifications of the Haldane-Wu statistics. The difference occurs only in the fourth virial coefficient leading to a small correction in the equation of state. For the two generalizations of the Haldane-Wu statistics, the solutions for the statistics parameters g, q exist in the whole domain of the anyonic parameter α ∈ [0; 1], unlike the nonextensive Polychronakos statistics. It is suggested that the search for the expression of the anyonic distribution function should be made within some modifications of the Haldane-Wu statistics.
Introduction
The possibility for particles in two dimensions to obey statistics different from both Bose and Fermi statistics was first demonstrated by Leinaas and Myrheim in 1977 [1] . Namely, they showed that, due to topological peculiarities of the two-dimensional (2D) motion, an exchange of two particles yields the wave-function phase change not necessarily equal to ±1: ψ(x 2 , x 1 ) = e iπα ψ(x 1 , x 2 ), where α can be any number -hence 'anyons', the term coined by Wilczek in 1982 [2] .
Following the discovery of the fractional quantum Hall effect [3] , several theories were proposed for this phenomenon. The models of excitations with a fractional charge were applied in particular by Laughlin [4] , Halperin [5] , Arovas et al. [6] . Anyons were considered as possible candidates for the respective quasiparticles [5, 6] .
The generalized Pauli principle suggested by Haldane [7] and subsequent derivation of the distribution function in such a new statistics by Wu [8] initiated studies of what became known as the fractional exclusion statistics (FES). It appeared to describe the anyons on the lowest Landau level [9] , though no complete correspondence between FES and the anyonic statistics can be established.
In recent years, some studies appeared with a prospect of future experimental observations of anyons. In particular, an interference pattern relevant to Laughlin quasiparticles was obtained by Camino et al. [10] . Experimental setup to observe anyons in a system consisting of a superconducting film on a semiconductor heterotransition was suggested by Weeks et al. [11] and another one involving onedimensional optical lattices was proposed by Keilmann et al. [12] . Recent developments in the field of anyonic and fractional statistics also include studies of the so-called non-Abelian anyons [13, 14, 15] being the analogs of Green's parastatistics [16] and applications of the exclusion statistics to various systems, cf. [17, 18] .
Description of anyons within the statistical mechanics cannot be considered complete so far. Even a system of non-interacting anyons is challenging due to the presence of statistical interactions [19] . The issue of finding an expression for the distribution function in the anyonic statistics is an open one: it is possible to establish some approximate correspondences with several known fractional statistics types using the second virial coefficient but all of them fail to catch already the third virial coefficient correctly [20, Chap. 5] . A two-parametric statistics can be an option providing a more accurate statistical mechanical model. It must be noted that two-parametric generalizations of statistics are somewhat underrepresented in the literature. In most cases, they are based on the so-called q-deformations of the commutation relations between the creation and annihilation operators, cf. [21, 22, 23, 24] . Some generalizations having common features with those considered in the present work were briefly discussed by Kaniadakis [25] , albeit from different grounds.
A two-fold modification of statistics applied in this paper is obtained as follows. First, the counting of microstates is approached either in a manner suggested by Polychronakos [26] or within the fractional exclusion statistics by Haldane and Wu [7, 8] . This leads to a functional form of the distribution function different from that in the Bose/Fermi statistics and introduces one parameter into the model. Next, a deformation of the exponential in the Gibbs factor is applied giving a second statistics parameter. For this purpose, the Tsallis q-exponential can be used. Indeed, the nonextensive statistical mechanics suggested by Tsallis [27] is applicable in particular to systems with long-range interactions [28] -and there exists such a statistical interaction in a system of anyons [2] . Note, however, that the deformation of exponentials is made here phenomenologically and the so-called incomplete statistics [29, 30] is also considered.
Virial and cluster expansions
Let us first briefly recall the connection between the virial and cluster expansions in statistical mechanics to be applied here for 2D systems.
With P being the pressure and T denoting the temperature (for simplicity, Boltzmann's constant is put equal to unity), the equation of state for a two-dimensional system in the low-density, hightemperature limit can be written as the following virial expansion:
where the two-dimensional density ρ 2 = N/A with N being the number of particles and A standing for the area; b 2 , b 3 , . . . are the dimensionless virial coefficients and λ is the thermal de Broglie wavelength of a particle with mass m
On the other hand, the grand-canonical partition function Ξ can be written as a series over the fugacity z = e µ/T , where µ is the chemical potential, as follows:
The coefficients B are known as cluster integrals. They can be used to calculate virial coefficients in view of the thermodynamic relations linking the pressure and density with the grand-canonical partition function, namely:
and
After some transformations, the following relations for the virial coefficients are obtained [31] :
. . . .
Aiming to find an expression for the distribution function (occupation number) of anyons n j , such that
where the sum runs over all the energy levels with degeneracies g j , the following equation is easily derived:
As the functional dependence of n j on the level energy ε j is not known, in the next Section several modifications of fractional statistics are suggested and checked for the suitability to model anyons basing on the expressions for the second and third virial coefficients.
Modifications of statistics
Further in this work, the modifications of fractional statistics are based on the following two general expressions. The first one,
generalizes standard Bose (Fermi) statistics determined by X(ε j ) = e ε j /T and Y = −1 (Y = +1) and the fractional Polychronakos statistics with Y = −γ = const = ±1. The second modification is represented by the Haldane-Wu statistics with
where the function w(ξ) is the solution to such a transcendental equation:
which is obtained using an expression for the number of microstates of a quantum many-body system being a simple interpolation between bosons and fermions [8] .
Additionally to the γ parameter in the Polychronakos statistics (11) and the g parameter in the Haldane-Wu statistics (12), a second parameter can be introduced into the model by a deformation of the exponential defining the X dependences in Eqs (11)- (12) . Two such deformations are considered in this work, namely, the Tsallis q-exponential e x q appearing instead of the ordinary e x in the nonextensive statistics and the change of e x to e qx known in the incomplete statistics [29, 30] .
While the deformation of exponentials in the Gibbs factor X = e ε j /T using the q parameter is made phenomenologically here, a physical motivation is provided for such a procedure as follows. A longrange statistical interaction in the system of anyons [2] can contribute to the nonextensivity, which is taken into consideration within the Tsallis approach [27, 32] . On the other hand, some correspondence between the incomplete and the Tsallis statistics can be established [33] .
The Tsallis q-exponential is given by [32] 
and e x q = 0 otherwise.
In the incomplete statistics, the normalization of probabilities p i is given by [29, 30] i
As it is easily seen, both cases reduce to standard exponentials when q = 1. The small-z expansions of Eqs. (11) and (12) are given by:
cf. [34] . For simplicity, the summation over the levels j in Eqs. (9)- (10) can be substituted with the integration over energies upon introducing the density of states function G(ε), which for a 2D ideal gas of particles having the mass m is G(ε) = mA/2π 2 = const:
Using different representations for the X function, cluster integrals B are then straightforward to calculate from expansion (16)- (17) 
Results

Incomplete Polychronakos statistics (IPS).
For this type of statistics, X(ε) = e qε/T , Y = −γ, yielding cluster integrals
and the second and third virial coefficients are
Nonextensive Polychronakos statistics (NEPS). For this type of statistics, X(ε) = e ε/T q , Y = −γ, yielding cluster integrals
.
Note that this statistics in the limits of weak nonextensivity q → 1 and γ → 1 can be applied to model a finite weakly-interacting Bose-system [35] .
Incomplete Haldane-Wu statistics (IHWS).
For this type of statistics, X(ε) = e qε/T , yielding cluster integrals
Nonextensive Haldane-Wu statistics (NEHWS). For this type of statistics, X(ε) = e ε/T q , yielding cluster integrals
, . . . (25) and the second and third virial coefficients are
To find the fractional statistics with the distribution function best fitting to the anyonic statistics, the above expressions in each statistics for b 2 and b 3 containing two parameters are equated to the respective virial coefficients of anyons providing sets of two equations. The solutions of these sets allow judging which of the analyzed models is appropriate.
The second and third virial coefficients of an ideal anyon gas are given by [36] : (22) one can obtain the condition defining the unaccessible values of the anyonic statistics parameter α ∈ (α 1 ; α 2 ) as follows:
which is derived as the q → ∞ limit, giving
The nonextensive Polychronakos statistics can thus be used to model anyons on the bosonic side, 0 ≤ α < α 1 , and on the fermionic side, α 2 < α ≤ 1. The correspondence between the γ, q parameters and α values is presented in Table 1 . The proposed modifications of the Haldane-Wu statistics appear to suit the anyonic statistics better than that of the Polychronakos statistics discussed above. In its incomplete version, see (24) , very simple relations of the statistics parameters g and q with α are achieved:
In the nonextensive modification, see (26) , the analytical expressions are rather cumbersome but the links between g, q and α are easily calculated numerically, see Figs. 1,2 for details. The correspondence between the g, q parameters and α values in both IHWS and NEHWS is shown in Table 1 . The accuracy of the proposed models can be tested using the fourth virial coefficient. For anyons, it equals [37] : Fermi limits is not reproduced correctly in the proposed variants of statistics, see Fig. 3 . It means that the correspondence of the discussed two-parametric fractional statistics types with the anyonic one is established only approximately, though with a better accuracy than can be achieved in a one-parametric case.
Conclusions
In summary, two-parametric models of fractional statistics were considered in the work aiming to determine the functional form of the distribution function of free anyons. Approximate correspondence was shown to hold for three models, namely, the nonextensive Polychronakos statistics and both the incomplete and the nonextensive HaldaneWu statistics. The second and third virial coefficients were reproduced correctly and the difference occurred only in the fourth virial coefficient, which leads to a small correction in the equation of state. For the two modifications of the Haldane-Wu statistics, the solutions for the statistics parameters g, q exist in the whole domain of the anyonic parameter α ∈ [0; 1], unlike the nonextensive Polychronakos statistics. It seems thus favorable to search for the expression of the anyonic distribution function within modifications of the Haldane-Wu statistics. Possible generalizations can include in particular a different definition of the q-exponential [38] and the κ-deformed exponential [25, 39] . The analysis of q-deformed Fermi and Bose statistics [40, 41] with further introduction of additional parameters is also feasible. 
